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Exponential smoothing in state space form (ETS) is a popular forecasting technique, widely used in
research and practice. While the additive error ETS models have been well studied, the multiplicative
error ones have received much less attention in forecasting literature. Still, these models can be useful
in cases, when one deals with positive data, because they are supposed to work in such situations.
Unfortunately, the classical assumption of normality for the error term might break this property and lead
to non-positive forecasts on positive data. In order to address this issue we propose using Log-Normal,
Gamma and Inverse Gaussian distributions, which are defined for positive values only. We demonstrate
what happens with ETS(M,*,*) models in this case, discuss conditional moments of ETS with these
distribution and show that they are more natural for the models than the Normal one. We conduct the
simulation experiments in order to study the bias introduced by point forecasts in these models and then
compare the models with different distributions. We finish the paper with an example of application,
showing how pure multiplicative ETS with a positive distribution works.

Keywords: exponential smoothing; forecasting; state space model.

1. Introduction

Exponential smoothing is one of the most popular models used for demand forecasting in practice [32].
It was originally proposed by [5] and [7], developed over the years by [20] and [16] as a Single Source
of Error model, and finally presented as a holistic framework by [8]. This framework includes Error,
Trend and Seasonal components, thus being called ‘ETS’. Different components of the model can be ‘A’
- additive, ‘M’ - multiplicative, or ‘N’ - none (with exception of the error term, which can only be either
‘A’ or ‘M’, and the trend component, which can also be ‘Ad’ - damped additive and ‘Md’ - damped
multiplicative). The developed taxonomy presents 30 models based on different types of components,
making the framework flexible and applicable to a wide variety of time series including positive,
negative and mixed data. Since then, the ETS model has become popular in forecasting community,
performing well in different competitions [3, 14] and being used as the base model for development
of new approaches [see, for example, 11, 17, 25, 26, 27] and as one of the common benchmarks [for
example, 4, 18, 31].

However, one of the main limitations of the approach of [9] is that it is built on the assumption
of normality of the error term for both additive and multiplicative models. As a result, the latter form
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is applicable only to the data with high positive values – in this case, the variance of the error term
becomes small enough for the forecast values in the multiplicative error models not to become negative.
Unfortunately, in case of the lower volume data (e.g. not thousands of units, but tens), the variance
of the error term might become large, which might lead to issues with the model, making it produce
unrealistic forecasts in some cases and completely inapplicable in the others. For example, this impacts
the prediction intervals and might lead to negative point forecasts even if the data is strictly positive.

The pure multiplicative error models have been studied by [2], who mentioned that there were
several possibilities for the distributions of the error term, including Normal, Truncated Normal, Log-
Normal and Gamma. The authors never investigated the idea further and instead of developing the
ETS(M,*,*) model with these distributions, proposed a modified ETS (a model in logarithms) and
focused on investigating its properties. While this is a solution to the problem, it sidesteps the original
ETS taxonomy, introducing the new group of models. This means that the mixed models in the original
ETS framework do not benefit from the fix introduced by [2]. Furthermore, the approach expands the
number of possible ETS models that can be used, making the model selection even more challenging.
We argue that modifying the original ETS instead of introducing new models is a more sustainable
approach, as it simplifies the model extension and the process of the model selection. There are no other
papers on the subject, and the issue with normality has never been fully investigated in the literature.
ETS(M,*,*) have been overlooked in terms of theoretical problems and practical implementations.
These models are particularly important, when we observe skewness, especially with lower volume data
in such contexts as supply chain and retail, where the normality assumption becomes unreasonable.

In this paper we propose using several positive distributions in the original ETS(M,*,*) models,
showing how the models work with them. We study their properties and discuss how to estimate ETS
model with them and then use in forecasting. But before moving to the distributions in ETS(M,*,*), we
discuss the properties of pure multiplicative ETS models to understand what their main limitations are
and how they might impact the applicability of the proposed assumption. We finish the paper with an
example of application and a discussion of the managerial implications of the pure multiplicative ETS
models.

2. Properties of multiplicative error ETS models

While the main properties of ETS models are well studies in [9], several important elements have been
neglected over the years. These mainly apply to the conditional expectation of the models.

Discussing all the 30 ETS models, [9] mention on page 23 that, when either the trend, or the seasonal
components are multiplicative, then the point forecasts for the horizon h> 1, produced by models might
differ from the conditional expectations [9, pages 21 and 22]. In order to investigate this issue further,
we start by studying the properties of pure multiplicative models, reformulating them using logarithms
via the following state space equations [24, Chapter 6]:

logyt =w′ log(vt−l)+ log(1+ εt)

logvt =F logvt−l + log(1k +gεt)
, (2.1)

where yt is the actual value on observation t, w is the measurement vector, vt is the state vector, F is the
transition matrix, g is the persistence vector, εt is the error term, l is the lag vector, 1k is the vector of
ones of the size k and log is the natural logarithm. Note that the logarithm and exponent in the formulae
(2.1) are taken element-wise. This formulation differs from the original [9] one, because we use the lags
of components l, while the original one uses a bigger transition matrix, tracking how the seasonality
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changes from one observation to another. The reason for this formulation is its compactness, because
the transition matrix in the model (2.1) contains only up to 32 elements versus the (2+m)2 in the
original formulation of the ETS. At the same time, this compactness does not impact specific models,
which do not differ between the approach (2.1) and the conventional one. An example of a model that
can be written in the state space form based on (2.1) is ETS(M,Md,M) [originally proposed by 28]:

logyt = log lt−1 +φ logbt−1 + logst−m + log(1+ εt)

log lt = log lt−1 +φ logbt−1 + log(1+αεt)

logbt =φ logbt−1 + log(1+βεt)

logst = logst−m + log(1+ γεt)

, (2.2)

for which:

w =

1
φ

1

 ,vt =

 lt
bt
st

 , l =

1
1
m

 ,vt−l =

 lt−1
bt−1
st−m

 ,F =

1 φ 0
0 φ 0
0 0 1

 ,g =

α

β

γ

 ,1k =

1
1
1

 .

In this case lt is the level, bt is the trend, st is the seasonal components, φ is the dampening parameter,
α , β and γ are the smoothing parameters and m is the seasonal lag. The model (2.2) also shows that
there is a connection between the pure multiplicative ETS models and the pure additive ones applied to
the data in logarithms, because in case of low values of smoothing parameters and the variance of the
error term, the following approximation holds:

log(1k +gεt)≈ gεt . (2.3)

Note that by taking exponent in the model (2.2), we obtain the original model as formulated by [9]:

yt =lt−1bφ

t−1st−m (1+ εt)

lt =lt−1bφ

t−1(1+αεt)

bt =bφ

t−1(1+βεt)

st =st−m(1+ γεt)

. (2.4)

In order to obtain the conditional h steps ahead expectation (given the information on the observation
t), we need to have the following recursive formula, obtained directly from (2.1):

logyt+h =w′
1Fh−1

1 logvt +
h−1

∑
j=1

w′
1F j−1

1 log(1k +g1εt+h− j)+

w′
mF⌈ h

m ⌉−1
m logvt +

⌈ h
m ⌉−1

∑
j=1

w′
mF j−1

m log(1k +gmεt+m⌈ h
m ⌉− j)+ log(1+ εt+h),

(2.5)

where ⌈·⌉ is the ceiling function, the subscript 1 corresponds to the non-seasonal part of the model, and
m corresponds to the seasonal ones (e.g. the vector gm contains zeroes for α and β and non-zero γ if
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the seasonal model is under consideration). An example for the same ETS(M,Md,M) model is:

w1 =

1
1
0

 ,wm =

0
0
1

 ,F1 =

1 1 0
0 1 0
0 0 0

 ,Fm =

0 0 0
0 0 0
0 0 1

 ,g1 =

α

β

0

 ,gm =

0
0
γ

 ,

Assuming that the error term is homoscedastic, not serially correlated and that log(1+ εt) = 0, the
conditional expectation of the logarithm of the actual value h steps ahead based on (2.5) is:

E(logyt+h|t) =w′
1Fh−1

1 logvt +
h−1

∑
j=1

w′
1F j−1

1 E
(
log
(
1k +g1εt+h− j

))
+

w′
mF⌈ h

m ⌉−1
m logvt +

⌈ h
m ⌉−1

∑
j=1

w′
mF j−1

m E
(

log
(

1k +gmεt+m⌈ h
m ⌉− j

))
.

(2.6)

Its exponent is the geometric mean conditional on the information on the observation t. The main issue
with the expectation (2.6) is that in general, in case, when g contains non-zero elements, we cannot
assume that:

E(log(1k +gεt+h− j)) = 0k, (2.7)

where 0k is the vector of zeroes. So, the expectation (2.6) cannot be simplified any further. Even if
we assume that all elements of gi are zero in (2.7), making it hold, the conditional expectation of yt+h
will be greater than the exponent of the expectation (2.6) due to Jensen’s inequality. At the same time,
according to [9], the point forecast from the pure multiplicative models can be calculated as (based on
our formulation):

ŷt+h = exp
((

w′
1Fh−1

1 +w′
mF⌈ h

m ⌉−1
m

)
logvt

)
, (2.8)

which does not correspond to any known statistics of a distribution. In a very special case, when g = 0k,
the point forecast (2.8) coincides with the conditional geometric expectation rather than the arithmetic
one. Another thing to note is that the geometric expectation (2.6) is in general less than or equal to the
point conditional expectation. On the other hand, it will coincide with the point forecast only, when
condition (2.7) is satisfied. In all the other cases the geometric mean will be larger because the elements
of g will be greater than zero. This means that the following condition should hold:

ŷt+h ≤ y̌t+h ≤ µy,t+h, (2.9)

where µy,t+h is the conditional h steps ahead expectation and y̌t+h is the conditional h steps ahead
geometric expectation. The are only three special cases, when the point forecast (2.8) will coincide with
the geometric and the arithmetic expectations:

1. When h = 1 for all models;
2. When h ≤ m for the non-trended models with multiplicative seasonality;
3. For a special case, the model ETS(M,N,N).

(1) is important for the construction of the model, where the fitted values coincide with the one-step-
ahead forecast. (3) becomes apparent, when studying the following recursion for the ETS(M,N,N)
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model (based on the exponent of (2.5)):

yt+h = lt
h−1

∏
j=1

(1+αεt+ j)(1+ εt+h), (2.10)

the expectation of which is equal to lt , as long as

E(1+ εt) = 1, (2.11)

and the error term is i.i.d. The assumption about the expectation of the error term becomes important
in ETS, because it guarantees that the one-step-ahead point forecasts correspond to the expectations
of models. This is necessary for the construction of the model, where the fitted value is equal to one-
step-ahead point forecast and is required to start the recursion. Furthermore, if it does not hold, then
the transition equation in the holdout will differ from the typically assumed one, implying that the
expectation of products of random variables needs to be calculated.

While [9] acknowledge the issue with the multiplicative error models, they claim that the difference
between the point forecast and the expectation will in general be negligible. In order to counter this
claim we propose to consider the following example of time series N2703 from M3 competition data
[13]. The series itself is shown in Figure 1a and exhibits a negative trend, which can be modelled using
ETS(M,M,N). This model is then applied to the data via adam() function from smooth package
v3.2.0 [23] for R [30], producing one to 18 steps ahead forecasts. Figure 1b demonstrates the difference
between the point forecast (using equation 2.9) and the simulated conditional expectation of the model
on this series. It becomes apparent that on shorter horizons, the difference between the two values is
negligible, but with the increase of the horizon, the difference between them grows exponentially. This
example shows that in general the conventional formula (2.8) should not be used for point forecasts
generation – the simulations should be done instead.

Analysing the formulae (2.6), (2.8) and (2.9), we argue that there are several elements that impact
the conditional expectation, influencing the bias of the point forecasts of the model:

• With the increase of the values of smoothing parameters α , β and γ , the bias of point forecasts
should increase;

• The distance between the conditional expectation and the point forecast will be larger for the larger
values of the variance of the error term σ2;

• Finally, the difference between the two will increase with the increase of the forecast horizon h.

As a side note, some of mixed ETS(M,*,*) models have been studied by [9] more thoroughly
than the others. For example, ETS(M,A,M) and ETS(M,Ad,M) are discussed in Chapter 6 of their
monograph. The authors suggest approximations for them, based on the assumption that the variance
of the error term σ2 is small. However, this assumption might be violated if one deals with low volume
data, so the approximations proposed in the textbook might not be appropriate as well. As for the other
mixed ETS(M,*,*) models, the conditional expectations for them do not have closed forms.

As a conclusion from this section, we argue that conditional expectation from the multiplicative
error models should be produced using simulations, not relying on the conventional point forecasts
formulae, because the latter might be misleading.
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(b) Difference between the expectation and point forecast on the
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FIG. 1. An example of ETS(M,M,N) on the Series 2703 from M3 data.

3. Simulation experiment 1: bias of point forecasts

In order to better understand what impacts the difference between the point forecast and the conditional
expectation, we conduct a simulation experiment, investigating the influence of scale parameter,
forecast horizon and values of smoothing parameters on the difference. We use ETS(M,Md,N) model,
as it potentially exhibits the highest deviation of point forecasts from the conditional expectation. We
consider the following options:

• Scale σ = {0.01,0.05,0.1,0.5,1};
• Smoothing parameters: α,β = {0.1,0.2,0.5};
• Forecast horizon h = {10,50,100};
• Dampening parameter for trend φ = {0.5,0.9,0.95,1}.

We then generated 100 observations from ETS(M,Md,N) model with an Inverse Gaussian
distribution (see discussion of distributions in Section 4) using the sim.es() function from the
smooth package v3.2.0 for R [23], and applied the same model with the known parameters on the data,
producing point forecasts and conditional expectations. We then calculate the percentage difference
between the two:

PD =
µt+h − ŷt+h

µt+h
, (3.1)

thus measuring the deviation of the point forecasts from the conditional expectation. The value (3.1)
will always lie between zero and one due to the inequality (2.9) and has a simple interpretation, i.e.
the conditional expectation is PD×100% higher than the point forecast. We then aggregate it over the
forecast horizon (i.e. from h = 1 to the selected value) and repeat this experiment for 10,000 iterations
in order to get a better understanding of the performance of the ETS(M,Md,N) model.

The distribution of the variable (3.1) is shown on Figure 2.
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FIG. 2. Violinplot for the distribution of the percentage difference. The black vertical line corresponds to the median of the
distribution, while the white dot is the mean value.

We can see that the percentage difference has two modes: one corresponds to the lower values of
σ , α , β and horizon, while the upper corresponds to the higher values of these variables. In order
to summarise the results and see the impact of these variables on the bias of point forecasts, we fit
the regression model on percentage differences, taking the scale, smoothing parameters and horizon
(scaled in order to lie between 0 and 1, similar to the other variables) as independent variables [using
alm function from greybox package v1.0.3 for R, 22]. Before fitting the model, we transform the
response variable into odds via:

odds =
PD

1−PD
,

in order to change its domain from (0, 1) to (0, ∞) and then do Box-Cox transformation, selecting λ

that maximises the likelihood function (this is done automatically in alm function with the parameters
distribution="dbcnorm"). All these transformations were needed in order to ensure that the
model fits the data adequately and captures well the relations, which are non-linear in their nature in
the original scale. The parameters of this model are summarised in Table 1, together with their standard
errors and 99.9% confidence intervals. We need to note that the aim of this exercise is not to create the
most suitable model for purposes of prediction or interpretation, but rather to capture complex relations
between the variables and see, whether the bias is affected positively or negatively by them and what is
the impact of each separate variable on it.

The analysis of Table 1 shows that with the increase of any of these variables, the percentage
difference between the conditional expectation and the point forecasts increases: all parameters are
positive and their confidence intervals do not include zero values, so we can be sure about the values
of the parameters on 99.9% confidence level. We have selected such a high confidence level to make
sure that there is a small margin for the error. This meets our expectations and supports the earlier
discussions in Section 2. Given that all the variables in the model lie between 0 and 1, we can also
conclude that the increase of the parameter φ leads to the highest increase in bias among all variables,
followed by β and then forecast horizon, while the impact of α on bias is the smallest. The specific
values of parameters are difficult to interpret, and they do not provide any useful information.
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Variables Estimate Std. Error Lower 0.05% Upper 99.95%

(Intercept) -9.222 0.006 -9.242 -9.202 *
σ 2.755 0.003 2.745 2.765 *
horizon 3.656 0.003 3.646 3.667 *
α 1.578 0.007 1.555 1.600 *
β 3.739 0.007 3.716 3.762 *
φ 6.167 0.006 6.148 6.187 *
R2 = 0.986 Number of degrees of freedom: 534,884

TABLE 1 Regression output for the bias of point forecasts data,
experiment 1. Box-Cox parameter λ = 0.146.

4. Distributional assumptions in ETS framework

After discussing some general properties of multiplicative error models, we can now move to the
distributional assumptions of the model.

4.1. Potential distributions for ETS(M,*,*) model

We argue that in order for the distribution to be efficiently used in ETS(M,**), it needs to have the
following properties:

1. Ease of use. Ideally, the distribution should have a simple location and scale parameters, which should
have direct connection to the expectation and variance. This would simplify the inference with the
distribution;

2. Flexible skewness and kurtosis. In order to cover different real life situation, the distribution should
have skewness and kurtosis regulated using simple parameters (preferably location and scale in order
not to introduce additional parameters);

3. Relation to the Normal distribution. It should have some relation to Normal distribution, preferably
converging to it under some circumstances, i.e. increase of level of series. In this case, the
multiplicative error models would behave similar to the additive error ones on high volume data;

4. Convexity of the likelihood function. This is a desired property, which guarantees consistency of
the estimator [15]. If the function is not convex then this introduces additional complications in the
estimation and makes the distribution less desirable.

The candidate distributions for the error term (1+ εt) in ETS(M,*,*) models, as mentioned earlier
[and in 2], are Normal (N ), Log-Normal (logN ), Gamma (Γ) and truncated Normal. We also point
out that Inverse Gaussian (I G ) can be considered as a viable candidate distribution. We drop truncated
Normal from the consideration, because its statistics are too complicated to summarise, which makes
it very difficult to use in ETS framework (thus violating the property (1)). In order to understand the
potential limitations of the other distributions, we summarise their main properties in Table 2 based on
[10].

In order for these distributions to work in ETS model, we need to make sure that the expectation of
the error term (1+ εt) is equal to 1 (as mentioned in Section 2), which is easily achievable in I G by
setting µ = 1. In case of LogN distribution, the condition E(x) = 1 implies that µ = −σ2

2 , while in
case of Γ it is: ξ = 1

σ2 . All these restrictions will affect the log-likelihood functions for the ETS(M,*,*)
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N (µ,σ2) I G (µ,σ2) logN (µ,σ2) Γ(ξ ,σ2)

Support (−∞,∞) (0,∞) (0,∞) (0,∞)

Mean, E(1+ εt) µ µ eµ+ σ2
2 ξ σ2

Parameters
restrictions in ETS µ = 1 µ = 1 µ =−σ2

2 ξ = 1
σ2

Variance, V(1+ εt) = ς2 σ2 σ2 eσ2 −1 σ2

Skewness 0 3ς ς3 +3ς 2ς

Kurtosis 3 15ς2
(
(ς2 +3)(ς2 +1)+3

)
(ς2 +1)2 6ς2

TABLE 2 Comparison of main statistics of several distributions. µ is the location, σ2 is the scale, ξ

is the shape parameter and ς is the standard deviation of the error term.

models with different assumptions, which are presented in Table 3 and are obtained directly from the
probability density functions of respective distributions with the mentioned restrictions [the case of the
Normal distribution was derived in 9, p.68].

Distribution of 1+ εt log-likelihood

N (1,σ2) ℓ
(
θ ,σ2|y

)
=−T

2 log
(
2πσ2

)
− 1

2σ2 ∑
T
t=1 ε2

t −∑
T
t=1 log µy,t

I G (1,σ2) ℓ
(
θ ,σ2|y

)
=−T

2 log
(
2πσ2

)
− 1

2σ2 ∑
T
t=1

ε2
t

1+εt
− 3

2 ∑
T
t=1 logyt

logN
(
−σ2

2 ,σ2
)

ℓ
(
θ ,σ2|y

)
=−T

2 log
(
2πσ2

)
− 1

2σ2 ∑
T
t=1

(
log(1+ εt)+

σ2

2

)2
−∑

T
t=1 logyt

Γ
(
σ−2,σ2

)
ℓ
(
θ ,σ2|y

)
=−T logΓ

(
σ−2

)
− T

σ2 logσ2 + 1
σ2 ∑

T
t=1 log

(
1+εt

exp(1+εt )

)
−∑

T
t=1 logyt

TABLE 3 The log-likelihoods for ETS(M,*,*) models, where θ is the vector of all estimated
parameters, except for the scale σ2; y is the vector of actual values, µy,t is the one step ahead
conditional expectation of the model and T is the sample size.

The MLE of scale parameter are straightforward for N and I G and are obtained directly from the
log-likelihoods in Table 3 by taking derivatives with respect to the σ2:

• N : σ̂2 = 1
T ∑

T
t=1 ε2

t ;

• I G : σ̂2 = 1
T ∑

T
t=1

ε2
t

1+εt
;

The case with logN is more complicated because of the restriction on the location parameter, but still
tractable:

• logN : σ̂2 = 2
(

1±
√

1− 1
T ∑

T
t=1 log2(1+ εt)

)
;

The main issue with this estimate is that it can only be used in the case of 1
T ∑

T
t=1 log2(1+ εt) ≤ 1

- assuming that the scale can only be a positive real number. In the other cases it would need to be
estimated directly using numerical optimisation. Also note that the formula will produce two roots,
only one of which (the smaller one) will corresponds to the local maximum of the likelihood. However,
given that the derivative of the log-likelihood has two roots, the likelihood itself is not convex, which
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might imply that identification and compactness assumptions for the likelihood are violated, making
the estimates of parameters potentially inconsistent [15]. Having said that, the analysis of the likelihood
function shows that the first root (for the case of subtraction in the formula above) should correspond
to the local maximum, while the second one (addition in the formula) should correspond to the local
minimum of the likelihood function. This means that the subtraction should be used in order to get the
local maximum of the likelihood function. All of this means that, while logN can be considered as a
possible option for the ETS(M,*,*) models, it has issues in the estimation of the scale, and should be
used with care.

Finally, in case of Γ distribution, the maximum likelihood estimate of scale does not have a closed
form, because of the imposed restrictions in Table 2. A numerical optimisation would need to be
used in order to estimate it, which makes it less desirable than other distributions due to the property
(1) discussed in the beginning of this section. However, the scale can be estimated using method of
moments, based on how the mean and variance can be calculated in Γ distribution (Table 2) – given the
parameters restriction the estimate of scale is:

• Γ: σ̂2 = V(1+ εt) =
1
T ∑

T
t=1 ε2

t .

This does not guarantee that the likelihood is maximised, but at least allows estimating the model.
Furthermore, this estimate can be used as a starting point in the estimation of the scale of Γ distribution
via maximisation of likelihood.

Another important property of all the distributions from Table 2 is scalability, meaning that:

if 1+ εt ∼ N (1,σ2), then k(1+ εt)∼ N
(
k,k2

σ
2)

if 1+ εt ∼ I G (1,σ2), then k(1+ εt)∼ I G

(
k,

σ2

k

)
if 1+ εt ∼ logN

(
−σ2

2
,σ2
)
, then k(1+ εt)∼ logN

(
log(k)− σ2

2
,σ2
)

if 1+ εt ∼ Γ(σ−2,σ2), then k(1+ εt)∼ Γ(σ−2,kσ
2).

(4.1)

This property is useful, when we need to consider the distribution of the variable yt in the ETS(M,*,*)
model.

When it comes to the convolution, it is not well defined for logN , but is well defined for N , i.i.d.
I G and i.i.d. Γ random variables. The situation with the product distribution is the opposite: it is well
defined for logN , but does not have a closed form for either N , I G , or Γ. These two properties
are necessary for the derivation of the conditional h steps ahead distribution of a variable from the
ETS(M,*,*) model. Unfortunately, none of the discussed distributions supports both of them. So, the
conditional h-steps-ahead distribution does not have closed form for any of them.

If only one distribution between the four needs to be selected, in addition to the discussion above,
some findings from literature can be used. [6] argued after investigating a set of data that they can be
equally well described by Log-Normal, Gamma and Inverse Gaussian distributions, so the choice of the
distribution might be based on convenience of working with it. We argue that the Inverse Gaussian is
more convenient than its competitors. However, it is still possible to have all the discussed distributions
in the ETS(M,*,*) model. Furthermore, it is also possible to select the most appropriate distribution
automatically using information criteria (this will be discussed in Subsection 4.3).
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4.2. ETS(M,N,N) model with different distributions

The model with multiplicative error, no trend and no seasonality, ETS(M,N,N), can be considered as a
model of a special interest, because, as discussed in Section 2, it has closed forms for the conditional
moment, so we briefly discuss it in this section. It is formulated in the following way:

yt = lt−1 (1+ εt)

lt = lt−1(1+αεt)
. (4.2)

The classical assumption about this model [16] is that εt ∼N (0,σ2). [2] proposed rewriting this model
in the following way:

yt = lt−1εt

lt = lt−1(1−α +αεt)
, (4.3)

where εt = 1+εt ∼ N (1,σ2). The form (4.3) demonstrates why the distributional assumptions should
be imposed on 1+ εt rather than εt , although the models (4.2) and (4.3) are identical.

The main limitation of the model (4.2) is that, when the level of the data is low, the assumption of
normality might not be reasonable anymore, because the model may produce negative values even if
the data is strictly positive. As discussed in Subsection 4.1, a more natural distribution for the model is
either the Inverse Gaussian, or the Log-Normal, or Gamma, implying one of the following:

1+ εt ∼ I G (1,σ2)

1+ εt ∼ logN

(
−σ2

2
,σ2
)

1+ εt ∼ Γ(σ−2,σ2)

. (4.4)

Note that due to the restrictions on the expectation in (4.4), the conditional h steps ahead mean and
variance of the ETS(M,N,N) model can be calculated using the same formulae as in the conventional
ETS(M,N,N) relying on the normality assumption [9]:

E(lt+h|t) = E

(
lt

h

∏
j=1

(1+αεt+ j)

∣∣∣∣∣ lt
)

= lt ,

V(lt+h|t) = l2
t

((
1+α

2
σ

2)h −1
)
.

(4.5)

In addition, the one-step-ahead actual value from this model can be obtained using the scalability
property (4.1):

I G : yt+1 ∼ I G

(
lt ,

σ2

lt

)
logN : yt+1 ∼ logN

(
log(lt)−

σ2

2
,σ2
)

Γ : yt+1 ∼ Γ(σ−2, ltσ2)

. (4.6)

Based on the discussion from the Subsection 4.1, related to convolution and product distribution,
we can conclude that ETS(M,N,N) does not have a closed form for the h-steps ahead conditional
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distribution and thus cannot be easily characterised using the parameters of distributions. This means
that in order to obtain the h-steps ahead prediction distribution from ETS(M,N,N) with any of the
distributions above, the simulations need to be used. This aligns with what we have discussed for the
general case of ETS(M,*,*) in Section 2.

Furthermore, it can be shown that the properties of the distributions and the multiplicative model
also restrict the smoothing parameter with the interval [0, 1]. Assuming that the smoothing parameter
is always positive, the inequality (1+ εt)> 0 implies that:

εt >−1
αεt >−α

1+αεt > 1−α

(4.7)

The ETS(M,N,N) model makes sense only when 1+αεt > 0. So, if α > 1, then 1+αεt may become
negative, which breaks the model, because the level may become negative. The model however still
makes sense for boundary values of α: when α = 0, the level is not updated, while in the case of α = 1,
the level has the dynamics of a random walk process. While there may be some cases when even with
α > 1 the value of (1+αεt) will be greater than zero, this cannot be guaranteed universally. So, the
condition for the smoothing parameter in ETS(M,N,N) is α ∈ [0,1].

As we see, the case of ETS(M,N,N) is interesting, because this is the only pure multiplicative ETS
model that has closed forms for the expectation and variance for any horizon h. The more complicated
pure multiplicative ETS models will not have the analytical solutions for the moments of distribution
(as discussed in Section 2), but they will share the main properties with the ETS(M,N,N). For example,
all the smoothing parameters should have restrictions similar to (4.7) for the reasons discussed above.

4.3. Distribution selection

Based on the discussions in previous sections, we can conclude that there are several possible options
for the ETS(M,*,*) models in terms of distributions. Given, that the models are formulated similarly, we
can calculate the values of the likelihood functions in their maxima and use them in the model selection
via information criteria, for example, using Akaike’s Information Criterion [1]:

AIC = 2k−2ℓ
(
θ ,σ2|y

)
, (4.8)

where k is the number of all estimated parameters and ℓ
(
θ ,σ2|y

)
is the value of the log-likelihood

function from Table 3. The procedure in this case is straightforward: select the most appropriate ETS
model for each distribution, then compare them with each other and select the one with the lowest
information criterion. Other criteria can be used in the place of AIC to select the appropriate models.
For example, AICc by [21] is typically recommended instead of AIC on small samples.

5. Simulation experiment 2: distributional assumptions

In order to assess performance of models in terms of their predictive distributions, we conduct another
simulation experiment, generating 10,000 time series from ETS(M,Md,M) model with the distributions
discussed in Subsection 4.1:

1. Normal,
2. Inverse Gaussian,
3. Gamma,
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4. Log-Normal.

We have also included the DGP ETS(A,Ad,A) with the Normal distribution, the data of which was
then exponentiated to get the model similar to the one in [2]. We called this DGP “Akram” (by the
surname of the first author of the original paper).

Each series contained 500 observations, in every case the standard deviation of the error term was set
to 0.1, while the smoothing parameters were set to α = 0.1, β = 0.05, γ = 0.2, while φ = 0.95, l0 = 100,
b0 = 1 and the initial seasonal indices were randomly generated and normalised. The data generation
was done using the sim.es() function from the smooth package for R [23]. We then applied
ETS(M,Md,M) model with each of the distributions (and one with AICc-based selected distribution),
using the adam() and auto.adam() functions from the smooth package, and produced quantile
forecasts for the next 48 observations. We also applied the ETS(A,Ad,A) to the logarithms of the
generated data to get the values from the model proposed in [2] (method called “Akram” in the results
below).

After that we assessed the generated quantiles via scaled pinball score, calculated using the formula:

sPS =
1
ȳ

(
(1− τ) ∑

yt+ j<qt+ j , j=1,...,h
|yt+ j −qt+ j|+ τ ∑

yt+ j≥qt+ j , j=1,...,h
|yt+ j −qt+ j|

)
,

where ȳ is the in-sample mean of actual values and τ is the level of probability for the specific quantile.
The scaling in pinball score is needed in order to make the values comparable across different generated
time series. In addition, we calculated the quantile coverage to measure how good the quantiles are
estimated by the models. This is based on the calculation of the percentage of cases below each of
quantiles. Quantiles were produced for τ = {0.01,0.02, . . . ,0.99} levels.

Applied DGP
Model N I G Γ logN Akram

N 5.255 5.204 5.193 9.417 5.192
I G 5.300 5.221 5.224 9.464 5.229
Γ 5.287 5.192 5.231 9.388 5.214
logN 5.295 5.215 5.224 9.423 5.220
Akram 5.110 5.052 5.074 9.180 5.089
Auto 5.258 5.175 5.208 9.332 5.178

TABLE 4 Mean scaled pinball scores for the
ETS(M,Md,M) model with various distributions.

Table 4 summarises the overall performance of the models under consideration. The lowest values
are marked in boldface. The pinball scores are very close to each other across the different applied
models, although Akram’s approach seems to be doing consistently better on average than the others.
This is probably due to computational complexities arising in estimation of the pure multiplicative
models. Interestingly enough, specific distributions applied to the data of the same type (e.g. model with
I G distribution on I G DGP) do not necessarily perform the best, although the difference between
different models is typically small and not statistically significant (on 5% significance level), with the
exception of the Akram’s approach.
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Applied DGP
Model N I G Γ logN Akram

Quantile bias

N -0.002 0.011 0.003 0.007 -0.010
I G -0.004 0.009 0.001 0.001 -0.013
Γ -0.004 0.008 0.001 0.003 -0.012
logN -0.005 0.008 0.000 0.001 -0.013
Akram 0.000 0.010 0.004 0.006 -0.007
Auto -0.003 0.008 0.000 0.002 -0.012

Quantile precision

N 0.007 0.011 0.005 0.009 0.010
I G 0.009 0.009 0.006 0.009 0.015
Γ 0.011 0.009 0.005 0.008 0.014
logN 0.008 0.008 0.004 0.004 0.014
Akram 0.004 0.010 0.005 0.008 0.007
Auto 0.008 0.009 0.004 0.007 0.013

TABLE 5 Quantile bias and precision values for the
ETS(M,Md,M) model with various distributions.

We also calculated the average quantile bias and quantile precision to assess the predictive
distributions of the models from a different angle. Table 5 summarises performance of models in
terms of the quantile bias (mean of all quantile coverages minus the nominal values), and the quantile
precision (mean absolute value of quantile coverages minus the nominal values). The values of quantile
bias can be interpreted as average percentage points below (in case of negative) or above (in case of
positive values) the nominal values of quantiles. So, for example, the value of 0.008 for the Gamma
distribution on the I G data in quantile bias tells us that it tends to produce quantiles that cover 0.8%
more observations than expected on average (across all the confidence levels). The quantile precision
shows the average deviation from the nominal value for each of the approaches.

Judging by the results in Table 5, we can conclude that all the approaches perform very similar and
that there is no obvious winner: all values are small and close to zero, showing that the approaches are
well calibrated, irrespective of the data they are applied to.

Finally, we produce the pinball and quantile coverage plots to see how the approaches perform
specifically for each confidence level. Figures 3, A.1, A.2, A.3 and A.4 summarise performance of
the approaches for each of the DGPs in the form of reliability diagrams. Given that the performance
of models for different DGPs is very similar, we focus on the case of Normal distribution, Figure 3,
leaving the rest in Appendix.

Judging by the pinball values in Figure 3, we can conclude that all approaches perform very similar
for the lower and higher quantiles (below 0.2 and above 0.8), while Akram’s model does slightly better
in the middle of levels (i.e. between 0.2 and 0.8). Arguably, the tails are more important in practice than
the middle because they correspond to prediction intervals and the decisions are typically made based
on the higher confidence levels (e.g. 90%, 95%, or 99%). Furthermore, we can see that the performance
of approaches is indeed very similar for different levels in terms of quantile coverage: the fluctuations
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FIG. 3. Pinball and quantile coverage values for DGP with the Normal distribution.

around the horizontal line are random, and a new run of the experiment produced different shapes, with
lines having different curvatures. This means that all the models under consideration are well calibrated,
and that the decision, which one to use comes to personal preferences of the analyst.

As a conclusion from this simulation experiment, we see that ETS can be used efficiently with all
discussed distributions, meaning that there is no reason to always use the Normal one, especially given
its restrictions, discussed in Section 4.1. Furthermore, the AIC-based selection between the distributions
looks as a robust option for the usage of ETS with the discussed distributions. Finally, Akram’s approach
does better in terms of mean pinball values, but this comes mainly because of the good performance for
the target levels in the middle, which are not practically useful. At the same time, it does very similar
to other approaches in the tails of distributions, meaning that it does not have any obvious practical
benefit in comparison with the ETS with the positive distributions. Given that this approach is detached
from the ETS framework, and makes it impossible to introduce mixed ETS models, we argue that the
approaches proposed in this paper are competitive and can be used efficiently in practice.

6. Real life demonstration

Finally, to demonstrate how the pure multiplicative ETS works in the case of non-normal distributions,
we apply the model to the data of electric vehicles (EV) charging from a company that tracks the
amount of electricity used by such vehicles. This is a daily data on a high aggregation level (EV
users in a geographical area) containing 511 observations. The data is strictly positive, but starts with
a very low volume, demonstrating the situation when the demand builds up over time. It exhibits a
multiplicative seasonal pattern (repeating every 7 days) and probably should be modelled with an ETS
with multiplicative error term.

We keep the last 14 observations (two weeks) for the model evaluation and use the rest of the sample
for the model fitting and selection. We conduct the selection based on AICc in two dimensions:

1. Selection of components of ETS models from the pool of pure multiplicative ones;
2. Selection of the appropriate distribution.
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FIG. 4. Time series decomposition according to ETS(M,Md,M) with the Gamma distribution.

This was done using auto.adam() function from the smooth package for R.
As a result, the ETS(M,Md,M) with Gamma distribution had the lowest AICc of 6,398.570. The

model had the following parameters: α̂ = 0.1683, β̂ = 0.0000, γ̂ = 0.0013, φ̂ = 0.9925, σ̂ = 0.276,
implying that the seasonality does not change abruptly and that the trend component is not updated
over time. This is reflected in dynamics of components shown in Figure 4, where the trend component
declines over time due to the dampening and seasonality changes slowly.
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FIG. 5. An example of application of ETS model to the electric vehicle charging data. ETS(M,Md,M) with the Gamma
distribution.
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Figure 5 shows the model fit, the conditional expectation and the 95% prediction interval from the
model. This example demonstrates how pure multiplicative ETS model with non-normal distribution
can be efficiently used for time series analysis and forecasting in practice.

To compare the pure multiplicative ETS model with the pure additive one, we have also fitted
ETS(A,Ad,A) model to the data, assuming Normal distribution of the residuals. The resulting model
had AICc of 6,418.296 versus 6,398.570 of the pure multiplicative ETS with the Gamma distribution.
This indicates that the pure multiplicative model is more appropriate for this type of data than the
additive one.
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FIG. 6. An example of application of pure multiplicative ETS to a shorter sample of data. The left plot shows forecasts generated
by the model with the Normal distribution (with σ̂ = 0.471), while the right one shows the one with Gamma (with σ̂ = 0.493).

Finally, we fit the ETS(M,Md,M) model to the first 49 observations only, keeping the last 14
of them for the holdout evaluation to demonstrate what happens on low volume data when the pure
multiplicative model with normality is used against the model with a positive distribution (Gamma in
this example). Figure 6 shows the point forecasts and the 95% prediction intervals for the two cases. It
becomes apparent that although the data is strictly positive in this example, the model with the Normal
distribution generates an unrealistic prediction interval, covering the negative values. In contrast, the
ETS with the Gamma distribution generates a reasonable prediction interval. This demonstrates the
advantage of the proposed approach in comparison with the conventional ETS.

7. Managerial implications

Pure multiplicative ETS models discussed in this paper not only have theoretical interest, but also
have important practical implications. Given that now they can work with the positive distributions
discussed in this paper (Log-Normal, Gamma and Inverse Gaussian), they become useful in such
contexts as supply chain, retail, healthcare and energy. In these cases, the values typically exhibit
asymmetry, making the conventional normality assumption inappropriate. Given that ETS(M,*,*) is a
proper statistical model, it is possible to generate predictive distributions for several steps ahead from
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it. adam() function from the smooth package in R allows doing that, generating different types of
forecasts, including the cumulative over the lead time ones.

In supply chain and retail, the demand is typically non-negative [12], and the decisions are typically
made on weekly or daily basis, making the multiplicative ETS especially useful. In this context, the
stocking decisions are usually made based on the cumulative demand over the lead time, forecasts for
which can be done using the ETS(M,*,*) models. The generated quantile forecasts can then be used
directly to define the safety stock levels.

The pure mutliplicative ETS models can even be used on intermittent data as shown in [25]. The
authors have amended the conventional ETS model to deal with zeroes and used multiplicative ETS to
capture the non-zero demands. The approach works well both in terms of forecasting accuracy and in
terms of reducing inventory costs.

Another example of application would be electricity demand forecasting [29], where the demand
is always non-negative, making the multiplicative models especially useful. In that context, ETS needs
to be extended to multiple seasonalities and possibly be modified to deal with potential zeroes in the
data [as done by 25]. But fundamentally, a pure multiplicative ETS would allow producing predictive
distributions for several steps ahead, which then can be used to determine how much electricity needs
to be generated and/or sent to specific substations.

Finally, the pure multiplicative ETS models can be used in healthcare, for example, for forecasting
Emergency Department attendance. That demand is typically count and non-negative. While it might
seem that continuous models, such as ETS, would be not as appropriate as count models (e.g. Poisson
regression) in this situation, it has been shown that the continuous distributions, such as Truncated
Normal and Gamma perform well in that context [19]. This makes the multiplicative ETS models with
distributions discussed in this paper especially attractive.

All in all, the pure multiplicative ETS models with positive distributions can be useful in a variety
of contexts, making them practically appealing.

8. Conclusion

In this paper, we had a new look at the pure multiplicative ETS models, discussed the statistical
properties of these models and showed that the point forecasts from them typically do not coincide
with the conditional expectations. While this is not a new result in the literature, it has been neglected
by many researchers and is worth mentioning. We also showed the relation between the point forecasts,
geometric and arithmetic conditional means in such models. In general, due to the multiplicative
nature of the model, the three statistics do not coincide. Aligned to this, we conducted a simulation
experiment, showing what impacts the difference between the point forecast and the conditional
expectation. We found that the dampening parameter φ has the highest impact on it, which is then
followed by the smoothing parameter of the trend, β and the variance of the error term of the model.
We also demonstrated that the difference increases with the increase of the forecasting horizon. This has
serious practical implications: if the analyst needs conditional expectations from a pure multiplicative
ETS model, they should in general use simulations, because point forecast will not coincide with the
expectation.

After that we proposed using several positively-defined distributions in pure multiplicative ETS
models, showing how they should be used, and what restrictions should be imposed on their parameters.
We derived the concentrated log-likelihoods for each distribution and showed how their scales can
be calculated. We then conducted a simulation experiment, showing how ETS models with different
distributions can be applied to the data generated from similar ETS models but with other distributions.
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We found that all considered models perform very similar, with automatic selection based on AICc
performing well in the majority of cases. This means that in practice one can use such procedure to
select the most appropriate distribution for their ETS model and that in general there is no need to use
the Normal distribution.

Finally, we showed how the appropriate pure multiplicative ETS model with the most fitting
distribution can be selected on an example of electric vehicles charging data. The proposed approach is
already implemented in the auto.adam() function from the smooth package [23] for R.

We should acknowledge at this stage that the simplest benchmark we used in this paper, was the
Akram et al. model [2]. We did not include Simple Exponential Smoothing, Naı̈ve or any other simple
forecasting method like that intentionally. This is because we focused our investigation on predictive
distributions, and models with the additive error term would not be appropriate for the low volume
purely positive data.

As for the future works, given the discussion of multiplicative trend models in the paper, we feel that
the development of a new model which would have properties of a pure multiplicative model but would
not exhibit explosive trends, is an important direction of future research. It is not clear how such model
can be formulated, but having it instead of ETS(M,M,*) models would make the pure multiplicative
models more attractive.

Data Availability Statements

The data from Sections 4 and 5 was generated using the sim.es() function from the smooth package
in R. The source code will be shared on reasonable request to the corresponding author. The data from
Section 6 cannot be shared publicly due to non-disclosure agreement.
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FIG. A.1. Pinball and quantile coverage values for DGP with the Inverse Gaussian distribution.
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FIG. A.2. Pinball and quantile coverage values for DGP with the Gamma distribution.
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FIG. A.3. Pinball and quantile coverage values for DGP with the Log-Normal distribution.
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FIG. A.4. Pinball and quantile coverage values for DGP with the model from [2].
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